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ON THE LOWER LIE NILPOTENCY INDEX OF A
GROUP ALGEBRA
MEENA SAHAI AND BHAGWAT SHARAN
Abstract. In this article, we show that if KG is Lie nilpotent
group algebra of a group G over a field K of characteristic p > 0,
then tL(KG) = k if and only if t
L(KG) = k, for k ∈ {5p− 3, 6p−
4}, where tL(KG) and t
L(KG) are the lower and the upper Lie
nilpotency indices of KG, respectively.
1. Introduction
Let R an associative ring with identity. R can be treated as a Lie
ring under the Lie product [x, y] = xy − yx for any x, y ∈ R. Set
R[1] = R(1) = R and [x1, · · · , xn] = [[x1, · · · , xn−1], xn], where xi ∈ R.
For n ≥ 2, let R[n] be the associative ideal of R generated by all the Lie
commutators [x1, · · · , xn], where xi ∈ R and let R
(n) be the associative
ideal ofR generated by all the Lie commutators [x, y], where x ∈ R(n−1),
y ∈ R. The ring R is Lie nilpotent (respectively, strongly Lie nilpotent)
if R[n] = 0 (R(n) = 0) for some positive integer n. The lower (upper)
Lie nilpotency index of R denoted by tL(R) (t
L(R)) is the minimal
positive integer n such that R[n] = 0 (R(n) = 0), respectively. Clearly,
tL(R) ≤ t
L(R). It is important to note that there is an example of an
algebra R of characteristic two which is not strongly Lie nilpotent but
for which tL(R) = 3, see [9].
Let R = KG be the group algebra of an arbitrary group G over a
field K. The augmentation ideal ∆K(G) of KG is nilpotent if and only
if K has characteristic p > 0 and G is a finite p-group. Let t(G) denote
the nilpotency index of ∆K(G). A non-commutative modular group
algebra KG is Lie nilpotent if and only if K has characteristic p > 0,
G is nilpotent and its commutator subgroup G′ is a finite p-group,
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see [12]. In [11, pp. 46, 48] explicit expressions are given for the Lie
dimension subgroups D(m),K(G),m ≥ 1, of G over K, if characteristic
of K = p > 0,
D(m),K(G) = Π
(i−1)pj≥m−1
γi (G)
pj .
According to [18], if KG is Lie nilpotent such that |G′| = pn, then the
upper Lie nilpotency index tL(KG) = 2+ (p − 1)
∑
m≥1
md(m+1), where
pd(m) = |D(m),K(G) : D(m+1),K(G)| for every m ≥ 2. Clearly,
∑
m≥2
d(m) =
n. If p > 3, then tL(KG = t
L(KG), see [1, Theorem 1].
If G is a nonabelian nilpotent group with |G′| = pn, then by [21, 22],
p + 1 ≤ tL(KG) ≤ t
L(KG) ≤ |G′| + 1. In [21], it is proved that
tL(KG) = p + 1 if and only if t
L(KG) = p + 1. Lie nilpotent group
algebras with Lie nilpotency index 2p, 3p − 1 or 4p − 2 have been
investigated in [13]. Again in all these cases tL(KG) = t
L(KG). A
complete description of Lie nilpotent modular group algebras KG with
Lie nilpotency index at most 8 is given in [8, 17]. More results on Lie
nilpotency indices of modular group algebras are given in [3, 4, 6, 7,
14, 15, 16, 20].
In this article, we show that if KG is Lie nilpotent, then tL(KG) = k
if and only if tL(KG) = k, for k ∈ {5p− 3, 6p− 4}.
We use the standard natations: (Cn)
k is the k-times direct product
of the cyclic group Cn of order n, ζ(G) is the center of a group G. All
the group commutators are left normed and (x, y) = x−1y−1xy for all
x, y ∈ G. The ith term of the lower central series of G is γi(G) and
G′ = γ2(G) is the commutator subgroup of G.
We shall frequently use the following results from [5, 9] without men-
tioning:
(i) R[m]R[n] ⊆ R[m+n−2].
(ii) γm(U(R)) ⊆ 1 +R
[m].
(iii) ((x, y)− 1)kR[m] ∈ R[m+k], for all x, y ∈ U(R) and k > 1.
Lemma 1.1. [17] Let R be an associative ring with unity and let k ≥ 1.
Then
(i) (R[3])2k ⊆ R[3k+2].
(ii) (R[3])2k+1 ⊆ R[3k+3].
(iii) (R[3])k ⊆ R[2k+1], if 3 is a unit in R.
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Theorem 1.1. [17] Let K be a field of characteristics p > 0 and let
G be a nilpotent group such that G′ is a finite abelian p-group with
the invariants (pm1 , pm2 , · · · , pms) and
∣∣γ3(G)G′p/G′p
∣∣ = pr. Then the
following statements hold:
(i) tL(KG) ≥ t(G
′) + r + 1, if p = 3;
(ii) tL(KG) ≥ t(G
′) + r(p− 1) + 1 , if p 6= 3.
where t(G′) = 1 +
s∑
i=1
(pmi − 1).
2. Main Results
Lemma 2.1. [5, pp 33] Let R be an associative ring with unity and
m ≥ 1. Then for all x, y ∈ U(R), ((x, y, y)− 1)R[m] ∈ R[m+2].
Proof. We observe that
((x, y, y)− 1) = (x, y)−1y−1[(x, y), y]
= (x, y)−1y−1
(
x−1y−1[x, y, y] + [x−1y−1, y][x, y]
)
= (x, y)−1y−1
(
x−1y−1[x, y, y] + x−1[x, y][x, y, x−1y−1]
− x−1[x, y]2x−1y−1
)
.
By [10], we get ((x, y, y)− 1)R[m] ∈ R[m+2].

Lemma 2.2. Let R be an associative ring with unity and let 2 ∈ U(R).
Then for all x, y ∈ U(R), ((x, y, y, y)− 1)2 ∈ R[7].
Proof. Let t1 = (x, y), t2 = (x, y, y) and t3 = (x, y, y, y). Then [t1, y] =
[x−1y−1, x, y]y and [t−11 , y] = y
−1[x−1y, x, y]. We observe that
t3 − 1 = t
−1
2 y
−1[(x, y, y), y]
= t−12 y
−1[t−11 y
−1[t1, y], y]
= t−12 y
−1
(
t−11 y
−1[[t1, y], y] + [t
−1
1 , y]y
−1[t1, y]
)
= t−12 y
−1
(
t−11 y
−1[x−1y−1, x, y, y]y + y−1[x−1y, x, y]y−1[x−1y−1, x, y]y
)
= α + β,
where β = t−12 y
−2[x−1y, x, y]y−1[x−1y−1, x, y]y and α = t−12 y
−1t−11 y
−1[x−1y−1, x, y, y]y.
By Lemma 1.1, β ∈ R[5] and by [22, Lemma 2.2], α2 ∈ R[7]. Also
αβ, βα ∈ R[7] and β2 ∈ R[8]. Hence (t3 − 1)
2 ∈ R[7]. 
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Lemma 2.3. Let G be a nonabelian group and let R be a commuta-
tive ring such that RG[n] = 0, n ≥ 4. Let G′ be a finite p-group for
some prime p ≥ 3 and let mi be the rank of the finite abelian group
γi(G)/γi+1(G), i ≥ 2. Then
m2 +
3
2
m3 + 2m4 + 3m5 + · · ·+ (c− 2)mc ≤
n− 3
p− 1
,
where c is the class of G.
Proof. Let zij, j = 1, · · · , mi, be the mi independent generators of
γi(G)/γi+1(G). Then
x =
m2∏
j=1
(z2j − 1)
p−1
m3∏
j=1
(z3j − 1)
p−1 · · ·
mc∏
j=1
(zcj − 1)
p−1 6= 0.
By Lemma 1.1 x ∈ RG[k], where k = 2 + m2(p − 1) +
3
2
m3(p − 1) +
2m4(p− 1) + 3m5(p− 1) + · · ·+ (c− 2)mc(p− 1) and k ≤ n− 1 yields
the bound. 
Lemma 2.4. Let KG be a Lie nilpotent group algebra of a nonabelian
group G over a field K of characteristic p > 0 such that tL(KG) = 11.
Then p = 2.
Proof. If p ≥ 5, then tL(KG) = t
L(KG) is always even by [1, Theo-
rem 1]. So let p = 3 and tL(KG) = 11. Then |G
′| ≥ 33. Suppose
that xi ∈ G such that (x1, x2, · · · , xi) ∈ γi(G)\γi+1(G), i ≥ 2. Then
by Lemma 1.1, ((x1, x2) − 1)
2((x1, x2, x3) − 1)
2((x1, x2, x3, x4) − 1)
2 ∈
KG[11] = 0. So γ4(G) = 1 and G
′ is abelian. Let (3m1 , 3m2, · · · , 3ms) be
the invariants of G′ and let
∣∣γ3(G)G′3/G′3
∣∣ = 3r. Then by Theorem 1.1,
r+t ≤ 9, where t = t(G′)−1 =
s∑
i=1
(3mi−1) is an even number. Clearly
t ≥ 6. We have the following two cases:
Case 1. If t = 8, then G′ ∼= C9 or (C3)
4 and r ≤ 1. If G′ ∼= C9, then
tL(KG) = 10, so G
′ ∼= (C3)
4. Now if r = 0, then γ3(G) ⊆ G
′3. But
then by [5, Theorem 3.2], tL(KG) = 10, a contradiction. If r = 1, then
γ3(G) ∼= C3. Let b1, b2, b3 be the independent generators of G
′/γ3(G)
and let γ3(G) = 〈c1〉. Then (b1−1)
2(b2−1)
2(b3−1)
2(c1−1)
2 ∈ KG[11] =
0, which is a contradiction.
Case 2. If t = 6, then G′ ∼= (C3)
3 and r ≤ 3. Clearly r 6= 3. If r ≤ 1,
then tL(KG) ≤ t
L(KG) ≤ 10. So r = 2 and γ3(G) ∼= C3×C3. But then
as in [3], by using [2], there exist x, y, z ∈ G such that a = (x, y), b =
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(x, y, y), c = (x, y, z), G′ = 〈a, b, c〉 and γ3(G) = 〈b, c〉. Therefore by
Lemmas 1.1 and 2.1, (a− 1)2(b− 1)2(c− 1)2 ∈ KG[11] = 0, which is a
contradiction. 
Lemma 2.5. Let KG be a Lie nilpotent group algebra of a nonabelian
group G over a field K of characteristic p > 0 such that tL(KG) = 13.
Then p = 2.
Proof. As in the previous Lemma, p < 5. Let p = 3 and tL(KG) = 13.
Then G is nilpotent of class at most 4 by [22] and |G′| ≥ 33. Thus
γ5(G) = 1 and γ3(G) ⊆ ζ(G
′). The exponent of γ3(G) is at most 3
because if a1, a2, a3 ∈ G, then ((a1, a2, a3)− 1)
8 ∈ (KG[3])8 ⊆ KG[14] =
0. Also by Lemma 2.3, m2+
3
2
m3+2m4 ≤ 5. Clearly m4 ≤ 1 and m3 ≤
2. Let m4 = 1. Then m2 = m3 = 1, γ3(G) ∼= C3 ×C3 and γ4(G) ∼= C3.
Let a, b and c be the independent generators of G′/γ3(G), γ3(G)/γ4(G)
and γ4(G) respectively. If |G
′| ≥ 34, then o(a) ≥ 9 and (a − 1)8(b −
1)2(c−1)2 ∈ KG[17] = 0, a contradiction. So |G′| = 33 andG′ is abelian.
If m4 = 0, then obviously G
′ is abelian. Let (3m1 , 3m2 , · · · , 3ms) be the
invariants ofG′. Then by Theorem 1.1, r+t ≤ 11, where t =
s∑
i=1
(3mi−1)
is an even number and
∣∣γ3(G)G′3/G′3
∣∣ = 3r. It is clear that t ≥ 6. We
have the following cases:
Case 1: Let t = 10. Then G′ ∼= C9 × C3 or (C3)
5 and r ≤ 1.
If r = 0, then γ3(G) ⊆ G
′3 and by [5, Theorem 3.2], tL(KG) = 12,
a contradiction. If r = 1 and G′ ∼= (C3)
5, then γ3(G) ∼= C3. But
then by [13, Lemma 2.7], tL(KG) = 14. So r = 1, G
′ ∼= C9 × C3
and |γ3(G)G
′3| = 9. Thus either γ3(G) ∩ G
′3 = 1, γ3(G) ∼= C3 or
G′3 ⊆ γ3(G) ∼= C3 × C3. If γ3(G) ∼= C3 and γ3(G) ∩ G
′3 = 1, then
let G′/γ3(G) = 〈bγ3(G)〉 and γ3(G) = 〈c〉. Now 0 6= (b − 1)
8(c −
1)2 ∈ KG[13], a contradiction. If G′3 ⊆ γ3(G) ∼= C3 × C3, then let
G′/γ3(G) = 〈bγ3(G)〉, b
3 ∈ γ3(G) and γ3(G) = 〈b
3〉 × 〈c〉. Again
0 6= (b−1)2(b3−1)2(c−1)2 = (b−1)8(c−1)2 ∈ KG[13], a contradiction.
Case 2: Let t = 8. Then G′ ∼= C9 or (C3)
4 and r ≤ 3. Clearly
G′ ∼= C9 is not possible. So G
′ ∼= (C3)
4 and r = m3 ≤ 2. If r ≤ 1,
then tL(KG) ≤ t
L(KG) ≤ 12. So r = 2, γ3(G) ∼= C3×C3 and γ4(G) =
1. Then by [3], there exist x, y, z ∈ G such that b1 = (x, y), b2 =
(x, z), c1 = (x, y, y), c2 = (x, y, z), G
′ = 〈b1, b2, c1, c2〉 and γ3(G) =
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〈c1, c2〉. Therefore by Lemmas 1.1 and 2.1, (b1 − 1)
2(b2 − 1)
2(c1 −
1)2(c2 − 1)
2 ∈ KG[13] = 0, a contradiction.
Case 3. If t = 6, then G′ ∼= (C3)
3 and r ≤ 2. For r ≤ 1, tL(KG) ≤
tL(KG) ≤ 10. So r = 2 and D(3),K(G) = γ3(G) ∼= C3 × C3. If
γ4(G) = 1, then tL(KG) ≤ t
L(KG) = 12. If γ4(G) ∼= C3, then as
in [3] by using [2], there exist x, y ∈ G such that a = (x, y), b =
(x, y, y), c = (x, y, y, y), G′ = 〈a, b, c〉, γ3(G) = 〈b, c〉 and γ4(G) = 〈c〉.
Therefore by Lemmas 2.1 and 2.2, (a−1)2(b−1)2(c−1)2 ∈ KG[13] = 0,
a contradiction. 
Theorem 2.1. Let G be a group and let K be a field of characteristic
p > 0 such that KG Lie nilpotent. Then tL(KG) = 5p− 3 if and only
if tL(KG) = 5p− 3.
Proof. By [1], we have to discuss only p = 2 and 3. For p = 2,
tL(KG) = 5p−3 if and only if t
L(KG) = 5p−3, by [17]. Let p = 3 and
tL(KG) = 12. As in the previous Lemma, G
′ is abelian and |G′| ≥ 33.
Also if |G′| ≥ 34, then γ4(G) = 1. Let (3
m1 , 3m2 , · · · , 3ms) be the invari-
ants of G′ and
∣∣γ3(G)G′3/G′3
∣∣ = 3r. Then by Theorem 1.1, r+ t ≤ 10,
where t =
s∑
i=1
(3mi − 1) is an even number. Clearly, t ≥ 6. We have the
following cases:
Case 1. If t = 10, then r = 0. Thus G′ ∼= C9 × C3 or (C3)
5 and
γ3(G) ⊆ G
′3. Hence tL(KG) = t
L(KG) by [5, Theorem 3.2].
Case 2. If t = 8, then G′ ∼= C9 or (C3)
4 and r ≤ 2. If G′ ∼= C9,
then tL(KG) = 10. So G
′ ∼= (C3)
4. If r = 0, then by [5, Theorem
3.2], tL(KG) = 10. If r = 1, then D(3),K(G) = γ3(G) ∼= C3. Hence
d(2) = 3, d(3) = 1 and t
L(KG) = 12. If r = 2, then γ3(G) ∼= C3 × C3.
By the same arguments as in the Case 2 of the previous Lemma, we
get a contradiction.
Case 3. If t = 6, then G′ ∼= (C3)
3. Clearly r ≤ 2. If r ≤ 1, then
tL(KG) ≤ t
L(KG) ≤ 10. So r = 2 and D(3),K(G) = γ3(G) ∼= C3 × C3.
If γ4(G) = 1, then d(2) = 1, d(3) = 2 and t
L(KG) = 12. The possibility
that γ4(G) ∼= C3 can be dismissed using the same arguments as in the
Case 3 of the previous Lemma.
Conversely, if p = 3 and tL(KG) = 12, then tL(KG) ≤ 12. Now
tL(KG) 6= 9 and 11 by [13] and Lemma 2.4. If tL(KG) = 10 =
ON THE LOWER LIE NILPOTENCY INDEX OF A GROUP ALGEBRA 7
4p− 2, then tL(KG) = 10 by [13]. Also tL(KG) ≤ 8 yields t
L(KG) =
tL(KG) ≤ 8, by [8, 17]. So tL(KG) = 12. 
Theorem 2.2. Let KG be a Lie nilpotent group algebra of a group G
over a field K of characteristic p > 0. Then tL(KG) = 6p − 4 if and
only if tL(KG) = 6p− 4.
Proof. In view of [1, 17], we have to consider the case p = 3 only. Let
p = 3 and tL(KG) = 14. Then G is nilpotent of class at most 5 by [22].
Thus γ6(G) = 1 and γ3(G) is an abelian group. Also |G
′| ≥ 33 and the
exponent of γ3(G) is at most 3, as for a1, a2, a3 ∈ G, ((a1, a2, a3)−1)
8 ∈
(KG[3])8 ⊆ KG[14]. By Lemma 2.3,
m2 +
3
2
m3 + 2m4 + 3m5 ≤
11
2
.
So m5 ≤ 1. If m5 = 1, then we can not have m2, m3, m4 6= 0. Thus
m5 = 0, γ5(G) = 1 and γ3(G) ⊆ ζ(G
′). Clearly m4 ≤ 1. If m4 =
1, then either m2 = 2, m3 = 1 or m2 = m3 = 1. Let m2 = 2,
m3 = 1. Then by [3], there exist x, y, z ∈ G such that b1 = (x, y), b2 =
(x, z), c1 = (x, y, y), G
′ = 〈b1, b2, c1, d1〉, γ3(G) = 〈c1〉 and γ4(G) = 〈d1〉
Therefore by Lemma 2.1, (b1−1)
2(b2−1)
2(c1−1)
2(d1−1)
2 ∈ KG[14] =
0, a contradiction. Suppose m2 = m3 = 1, then as in Lemma 2.5,
G′ is abelian and |G′| = 33. If m4 = 0, then γ4(G) = 1 and G
′
is abelian. Let (3m1 , 3m2 , · · · , 3ms) be the invariants of G′. Then by
Theorem 1.1, r+ t ≤ 12, where t =
s∑
i=1
(3mi − 1) is an even number and
∣∣γ3(G)G′3/G′3
∣∣ = 3r. Clearly t ≥ 6. We have the following cases:
Case 1. If t = 12, then r = 0. Thus G′ ∼= C9 × C3 × C3 or (C3)
6
and γ3(G) ⊆ G
′3. Hence tL(KG) = t
L(KG) = 14 by [5, Theorem 3.2].
Case 2: Let t = 10. Then G′ ∼= C9 × C3 or (C3)
5 and r ≤ 2. If
r = 0, then γ3(G) ⊆ G
′3 and by [5, Theorem 3.2], tL(KG) = 12. If
r = 1 and G′ ∼= (C3)
5, then γ3(G) ∼= C3. Hence d(2) = 4, d(3) = 1 and
tL(KG) = 14. If r = 2 and G′ ∼= (C3)
5, then m2 = 3 and m3 = 2,
a contradiction by Lemma 2.3. Let r = 1 and G′ ∼= C9 × C3. Then
|D(3),K(G)| = 9. Thus |γ3(G)| ≤ 9. Let γ4(G) ∼= C3 and γ4(G) ∩G
′3 =
1. Then |D(4),K(G)| = 3
2, d(2) = 1, d(3) = 0, d(4) = 2 which is not
possible by [19]. So γ4(G) ⊆ G
′3, |D(4),K(G)| = 3, d(2) = d(3) = d(4) = 1
and tL(KG) = 14. If G′ ∼= C9 × C3 and r = 2, then |D(3),K(G)| = 3
3
and d(2) = 0 which is not possible.
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Case 3: Let t = 8. Then G′ ∼= (C3)
4 and r ≤ 3. If r = 3,
then γ3(G) ∼= (C3)
3. Let γ3(G) = 〈c1, c2, c3〉 and let b1 ∈ G
′\γ3(G)
such that G′ = 〈b1, c1, c2, c3〉. As in [3], there exist x, y ∈ G such
that b1 = (x, y) and c1 = (x, y, y). Then by Lemmas 1.1 and 2.1,
(b1−1)
2(c1−1)
2(c2−1)
2(c3−1)
2 ∈ KG[14] = 0, which is a contradiction.
If r ≤ 1, then tL(KG) ≤ t
L(KG) ≤ 12. So r = 2 and γ3(G) ∼= C3×C3.
Hence d(2) = d(3) = 2 and t
L(KG) = 14.
Case 4. If t = 6, then G′ ∼= C3 × C3 × C3 and r ≤ 2. If r ≤ 1, then
tL(KG) ≤ t
L(KG) ≤ 10. So r = 2 and D(3),K(G) = γ3(G) ∼= C3 × C3.
If γ4(G) = 1, then tL(KG) ≤ t
L(KG) = 12. So γ4(G) ∼= C3, d(2) =
d(3) = d(4) = 1 and t
L(KG) = 14.
Conversely, if p = 3 and tL(KG) = 14, then tL(KG) ≤ 14. We can
not have tL(KG) = 13 by Lemma 2.5. Also tL(KG) 6= 9, 10 and 11 by
[13] and Lemma 2.4. For tL(KG) ≤ 8 yields t
L(KG) = tL(KG) ≤ 8,
by [8, 17]. If tL(KG) = 12, then t
L(KG) = 12 by Theorem 2.1. So
tL(KG) = 14. 
Remark 1. Classification of Lie nilpotent group algebras KG with the
upper Lie nilpotency index tL(KG) = 5p−3 and 6p−4 is given in [14].
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